The Fredholm approximation is discussed in the framework of the scalar Bethe-Salpeter equation. The trace of the angular momentum decomposed kernel is expressed in terms of Feynman para meter integrals which shows the relation to the vertex function. A new derivation for this represen tation is given which is far more direct than the previous one. Using this representation, several general features of the eigenvalues are discussed. For special cases, the trace is computed explicitly, and the numerical values are compared with the exact ones, obtained by variational methods.
Introduction
The Bethe-Salpeter ( 
P artial W a v e BS-E quation
In order to keep the paper self-contained and to fix the notation, we begin with a short derivation of the partial-wave BS-equation. We consider the BSequation in the ladder approxim ation for two scalar particles having masses mx and m2 which interact by the exchange of a third scalar particle of mass jL i (all masses are to be understood with a small im aginary part) :
where p is the relative momentum, 2 k the total momentum and y.'(p) the wave function. (2.1) is an eigenvalue problem for the coupling constant A with the bound state mass s = 4 > k2 acting as a pa rameter. We will always use the rest system k = (*o, 0, 0 ,0 ) .
Since (2.1) is invariant under three-dimensional rotations, its solutions can be classified with respect to their angular momentum I. Putting = J p we make the ansatz
For the decomposition of (2.1) we use the addition theorem for the Legendre function The Qi(ß) are the Legendre functions of the second kind, defined b y :
the interaction kernel in (2.1) can be decomposed using (2 .3 ), (2 .5 ):
where ( #, cp), ('& , cp') are the polar angles of p and q, respectively. Now it is easy to derive the partial wave equation for the functions ipi(p0 , P i) :
Note that the inverse propagators on the left-hand side do not depend on the polar angles in the rest frame.
We are going to solve (2.9) in first Fredholm approximation. That means we will calculate the coupling constant 1 = from
where a; is the trace of the kernel:
R elation to the Triangle Graph
In this section we will express the trace (2.10) by a Feynman parametric integral which will show the correspondance to the triangle graph. The final result (3.17) has already been given in 7 but our deriva tion is much more direct.
We start by replacing the (^-function by a Legendre polynomial by using (2.6) : 
we get the fo llo w in g expression:
N ow we will calculate the integral with respect to p0 and px . This can be done by rather common methods.
we first translate p0 to p0 -y/2 0 and define a '= a + y2 /4(5. Then we rotate the integration path o f p0 counterclockwise to the im aginary axis. This is possible because o f the im aginary parts in the masses mx and m2 . So we h a v e : 
(3 .5 )
By the symmetry o f the integrand, the px integration can be extended to the whole axis. Next we perform a scale transformation so that the denominator w ill only depend on p02 + p*2. Then we introduce spherical coordinates in the p0 , p r plane by p0 = p cos px = p sin #. So we have finally:
The integration is now trivial and yields:
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I f we substitute this into (3 .3 ) and use the abbreviations (3 .2 ) we get:
B efore we do the ^-integration we perform a transformation on the Feynman parameters b y :
D ropping the primes on the new variables, the trace now reads
The purpose o f the transformation o f the Feynman parameters is now seen from the C-integrand: The denominator is now ihe cube o f the generating function for the Legendre polynom ials. So one may hope to do the integral in a simple manner. This is really true as can be seen in the fo llo w in g w ay: W e define:
From the recursion relation for the Legendre polynomals
we have the relatio n :
(1 -2 x C + x2)3 /2 dx J b (1 -2 :r£ + x2)1 /2 -l -l
The second integral on the right-hand side can now be done by using the fact that (1 -2 x C + x2) is the generating function for the Legendre polynomials, and the orthogonality of the P /(C )? yielding:
(3.14)
-l So we have from (3.13) the recursion relation:
(l + l)Ii + 1(x) +lli-i{x) = (21+1) xIi(x) +2 Ix1-1.
(3.15)
I0(x) and Ixix) can be computed by substituting the explicit formulas for P0(£) and P^) into (3.11). Using them as the starting points for the recursion, we get from (3.15) the general result: A sim ilar integral representation is obtained for the triangle graph. For completeness, we will derive it following 10. If the external momenta are p1 , p2 , and p 3 and the masses of the internal lines are m 12, m22, and ra32, the Feynman integral for the triangle graph is:
I = f diq{[q2-m 12][{q + p3)2-m 22] [ (q -p2)2 -m32] } _1 . (3.18)
Introducing the param eters x1, x2, and ar3 we can do the ^-integration by standard methods and get:
If we now restrict pt and p2 to their mass-shell values p j2 = m22, p22 = mt2 we obtain by defining s = p32, jii2 = m32 the same expression as in (3.17) apart from the factor x3. Hence for 1 = 0 the trace of the BS-kernel is given by the amplitude of the triangle graph with two external lines on-shell.
General Properties of the Eigenvalues
From the integral representation (3.17) we can deduce several general properties of the eigenvalues, obtained by the Fredholm approximation. For brevity we denote the denominator in (3.17) by D. So we have l l l oj = / d^i / dx2 / dx3 (5 (1 -Zj -x2 -x3) x3l Z ) '1 . 
As can be seen, the last integration is very complicated. Here we confine us to some special cases where the integration is much simpler. The simplest one is the equal mass case with vanishing bound state m ass: mx = m 2 = 1, s = 0. Then we have:
If we decompose the denom inator into partial fractions we can use the integral fdx *7 (x -x x) = --2Ft (1,1 + 1; I + 2; x^1) (5.5) 2^( 1 ,1 + 1; 1 + 2; x) = -(1 + l)*"*"1 {ln(1 -x) + 2 n" 1 xn} .
With X\y 9 = -2 (/*2 -2) ± i jii Vju2 -4 we have finally for the trace:
For I = 0 this simplifies considerably: From the table we can see several facts: First we see that indeed as was shown in section 4. Secondly / f is a better approxim ation for higher values of the exchange mass ju. This can be under stood in the following way: In coordinate space in the nonrelativistic limit, the exchange of a mass /z scalar particle is equivalent to the Yukawa potential V (r) ~ e_jUrr . For an increasing mass /x which is the range parameter in V(r), the potential becomes more and more similar to a (5-function. So we can write lim e~f,r/r ~ d (r). But for the contact poten-
tial V (r) ~<5(r), the Fredholm approxim ation is the exact solution. So the behaviour of the eigenvalues is explained.
For Z = 1 we have only calculated the trace for /< = 1. We find ot = -1+2 ji/S j/3 yielding the eigenvalue / f = 4.78 whereas the exact value is A1 = 16.4, again taken fro m 6. The approxim ation is much worse than for / = 0. This is understood from the fact that for 1 + 0 we have the centrifugal b a r rier as an additional long-range repulsive potential.
The variation of Ap with the bound state mass s can be calculated in a relatively simple manner if one of the external masses is zero. Putting m2 = 0, 1 = 0, two integrations in (3.17) are trivial, and the third one can be done by using the integrals listed in 15. The result is: 
